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Plan of lecture 11

Stellar reaction rates

- for direct neutron capture

- for direct charged induced reactions

- for direct charged particle reactions

- for resonant reactions

Additional effects on reaction rate in stellar environment



Thermonuclear Reaction Rates: Reminder

1
Total reactionrate R,y =——— N,Nx(ov) reactions cm™ s™!
1+ 0,x -~ .
N. = number density
Energy production rate: €x = Rix Qux
Mean lifetime of nuclei X ) 1
: . . T =
against destruction by nuclei a ¢ N, <ov>

energy production ——— <ov>=KEYquantity — — change in abundance
as star evolves of nucle1 X

!

to be determined from experiments and/or theoretical considerations

as star evolves, T changes =  evaluate <ov> for each temperature



What is needed to determine thermonuclear reaction rates?

» The cross section as a function of energy (velocity)

The stellar reaction rate can then be calculated by integrating over the Maxwell
Boltzmann distribution.

1/2
|8 | E
(TcuaX ] (kT)3/2 .(.). G(E) i p( ij F

The cross section depends sensitively on the reaction mechanism and
the properties of the nuclei involved. It can vary by many (tens) orders of magnitude.
It can either be measured experimentally or calculated. Both are difficult.

Typical energies for astrophysical reactions are of the order of kT

Sun T~ 15MK
Si burning in a massive star: T ~ 1 GK

There 1s no nuclear theory that can predict the relevant properties of nuclei accurately
enough. In practice, a combination of experiments and theory 1s needed



Thermonuclear Reaction Rates: Non-resonant (Direct) reactions

at+tA—>B+y

Direct transition from initial state |a+A> to final state <f] (some state in B)

o oAl -|(f|H|a+ A) -B(E)

/ | \

geometrical factor Interaction matrix Penetrability: probability

(deBroglie wave length element for projectile to reach
of projectile - “size” of the target nucleus for
projectile) interaction.
Depends on projectile
7= ﬁ _ h Angular momentum |
p YmE and Energy E

|_ aoci.Kf\H\mA}f .P(E)

/)




Stellar Reaction Rates for s-wave direct neutron capture

i

* As the cross section for s-wave (I = 0) neutron

capture can be written 8 E I —

1 e 5 E DISTRIBUTION

m i
oOxXx— — ov=const=<ov> 3Ig ; ;”r“c}gn

v | °F i
the most probable capture energy 1s ~kT |
|
kT

Thermal neutron cross section: NEUTRON ENERGY E,

Many neutron capture cross sections have been measured at reactors using a
“thermal” (room temperature) neutron energy distribution at T=293.6 K (20 °C),

kT=25.3 meV o
The measured cross section 1s an average over the neutron flux spectrum ®(E) used:

[o(E)D(E)dE
<O >= j O(E)dE (all Lab energies)
E
E j o(E)Ee ¥ dE
For a thermal spectrum @D(£) = FEe KT g0 <O >y = E

jEe_EdE



_E

Why is a flux of thermalized particles distributed as CD(E ) =FEe " ?

The number density n of particles in the beam is Maxwell Boltzmann (MB) distributed
dn
——oC
dE
BUT the flux is the number of neutrons hitting the target per second and area. This is
a current density j=n * v

E e—E/kT

= ﬂzV@mEe_E/kT
dE dE

The cross section is averaged over the neutron flux

Same situation than in the center of a star. The number density of particles 1s M.B.
distributed, but the number of particles passing through an area per second
is oc Fe £/ distributed & so is the stellar reaction rate



Stellar Reaction Rates for s-wave direct neutron capture

With these definitions one can show that the measured averaged cross section
and the stellar reaction rate are related simply by

2
<OV>=—=V1 <0 >4=V10y

N

: 2kT (most frequent velocity, corresponding to E ., =kT)
with vy = |[—
u

for reactor neutrons (thermal neutrons) v,=2.2x10°cm/s

2 <O >4 = ﬂ that’s usually tabulated as

G = —
and th [ Vr “thermal cross section”

For s-wave neutron capture one can relate the thermal cross section to the
cross section value at the energy kT
o, =o(kT)




Stellar Reaction Rates for direct neutron capture with higher 1

For neutron capture, the only barrier is the angular

momentum barrier p-wave capture in “C(n,y)*C

The penetrability scales with C s 15 i

PZ(E) oC E1/2+l 10

T [Il]![i[

bl

L 1 11l
(0v€ (0661) £9€ rdy °T& 19 J9YISIAN WO.I))

and therefore the cross section:
I-1/2 SHED |
ox kb [ 1b]

_——

T I l![lili

for I>0 —> o with EN (centrifugal barrier) 8

*s-wave capture dominates at low energies,
in particular at thermal energies.

T TTTTT]
il o v |

} 1 1

~t ——

*Higher I-capture usually plays only a role

. . Neutron Energy E_ (MeV)
at higher energies.

Note: sometimes s-wave is strongly suppressed because of angular momentum selection rules (as
it would then require higher gamma-ray multipolarities)



Stellar Reaction Rates for direct neutron capture

The energy range the cross section needs to be known to determine the stellar reaction
rate for n-capture ?

This depends on cross section shape and temperature:

<ov>=[o(V)D(v)vdv=|c(E)Y(E)EdE

s-wave n-capture: 0of the order of KT (somewhat lower than MB distribution)

4 I I I | I I I | I I I | I I I
Example: kT=10 keV _

M.B. distribution W(E)

o(E) Y(E) E = E" exp(-E/KT) |}
relevant for stellar reaction rate

arbitrary units
N

0 20 40 60 80
energy (keV)



Stellar Reaction Rates for direct neutron capture

p-wave n-capture: of the order of KT (close to MB distribution)

4 I I I | I I I | I I I | I I I

M.B. distribution WY(E) Example: kT=10 keV i

o(E) Y(E) E = E¥?exp(-E/KT) ]
relevant for stellar reaction rate

arbitrary units
N

energy (keV)



Stellar Reaction Rates for direct neutron capture

The concept of the astrophysical S-factor (for n-capture)

1 2
recall: GOC—})Z(E)‘<f‘H‘a+A>‘
& ]\ J
Y
“trivial” strong  “real” nuclear physics

energy weak energy dependence
dependence (for direct reactions !)

S-factor concept: write cross section as

strong “trivial” energy dependence x weakly energy dependent S-factor

The S-factor can be
* easier graphed
* casier fitted and tabulated
* casier extrapolated
* and contains all the essential nuclear physics



Stellar Reaction Rates for direct neutron capture

For neutron capture with strong s-wave dominance with corrections.
| JE
O = ; S(E) expand S(E) around E=0 as powers of V£

1

o~ (S(O) +S(0)E"? + lS(O)Ej

V N 2 7
/ b
o~—2| 1+ E '~ + E with ® denoting
\ “ )

in practice, these are tabulated fitted parameters

ONE

typical S(E) units with this definition: barn MeV !




Stellar Reaction Rates for direct neutron capture

Astrophysical reaction rate

< ov >~ S(0)+ é(O)%(kT)l/ 2 4 g(O)%kT
T

For pure s-wave capture
<ov>=S(0)

for pure s-wave capture the S-factor is entirely determined by the thermal
cross section measured with room temperature reactor neutrons:

usine <OV>=0.Vr =3(0) one finds
: th T ( ) v,=2.2x10%cm/s

5(0)=2.20-10""c,[barn] cm’/s



Stellar Reaction Rates for direct neutron capture

For neutron capture that is dominated by p- - s U Ve
wave: one can define a p-wave S-factor: = - C(n,y) C |
3 3
i ’
O — .
c=vES(E) or S(E)=—= ] ]
i /E o ( E ) | b ] =
[pb] :
which leads to a relatively constant § i
S-factor because of - [ i}
O oLl - :
(typical unit for S(E) is then barn/MeV'?) Tol - j "
S:LEY [ .
b b == i
- — e

S-factor [ J'M—ev] £ i

10>

| L !
B 0.l 0.2 0.3

therm

NEUTRON ENERGY E, [MeV]



Stellar Reaction Rates for direct charged particle reactions

Recall (This lecture & lecture I)

oo R(E)|(f|H|a+ A

Now the incoming particle has to overcome Coulomb barrier — Pl ( E ) = 8_27”7

2
212y | H 27m =31.297,7, |Hamu

h 2F E keV

The S-factor for charged particle reactions is defined via:

o(FE)= %xe_zm7 xS(E) — o(f)= %xe_El/2 xS(E)

typical unit for S(E): keV barn



Stellar Reaction Rates: Gamow peak (relevant energy range)

1/2
8 1 E b
a(E>=s<E)%exp(—2nn> =) <°V>a><=[%X] ok ISUE)exp{— — Em}dE D)

T

) '
b= fop E142e f(E)
varies smoothly |  oqverns energy
MAXIMUM reaction rate: with energy dependence

2/3
YE) _§_ g |0k
dE 0 2

Maxwell-Boltzmann tunnelling through
distribution Coulomb barrier

oc exp(-E/KT) o exp(+/E;/E)

/3
Ey = nkTn(Ey) = 1.22(212222 ,uamuT62)‘ keV

/6
AEy = 4,/EgkT /3 = 0.749(212222 uamuT;) keV

T, =T (MK)

AEO<EQ — only small energy range
contributes to reaction rate

Gamow peak

relative probability

= OK to set S(E) ~ S(E,) = const. kT energy



Stellar Reaction Rates: Gamow peak

Gamow peak: most effective energy region for thermonuclear reactions

E,+ AE,2 energy window of astrophysical interest
E,=f(Z,Z,,T)

}

depends on reaction and/or temperature

Examples: T ~ 15x10° K (T,=15) — kT=1.34 keV

: Coulomb E,
] - area of Gamow peak
reaction barrier (MeV) | (keV) exp(-3E,/kT) AE, | ==p | ; p
(height xwidth) ~ <cv>
ptp 0.55 5.9 7.0x107¢
o +12C 343 56 5.9x107¢
160 + 160 14.07 237 2.5x10237

STRONG sensitivity 4) '~.> separate stages: H-burning
He-burning
C/O-burning

to Coulomb barrier




Stellar Reaction Rates: non-resonant (direct) capture

1o 3 Famow peaks « Maximum of the Gamow peak (E=E,):
T=15.6 MK

1 max GXp(—T)
3E,

=25 T =

.28 /\\ where kT
10

-31
10

-34
10 -

0 10 20 30 40 50 60 70 80 90 100 .
Energy (keV) = [__ 1s strongly dependent of the product

Relative probability

=4246\22Z% u,, I T,

Z 7, = successive nuclear burning phases

For non-resonant capture (direct), one approximates the rate calculation by
assuming the S-factor is constant over the Gamow Window

1/2
' : 8 1
Reaction rate: <Gv>aX = (E] (kT)3 3 S(EO /21 . AEy
-19 ‘L'2 eXp(—T) 3 -1
with S(E,) in keV b : (ov) . =720x10 S(Ey) em®s™  (11)

7,7y

/J amu—a



Stellar Reaction Rates: non-resonant (direct) capture
» For many non-resonant reactions S-factor is not a constant & varies with E

— Expand the experimental or theoretical S(E) around E=0 as powers of E to
second order:

S(E)~ S(0)+S"(0)E +%S"(O)E2

If one integrates this over the Gamow window in Eq. I, one finds that one can use
Eq. II by replacing S(E ) with the effective S-factor S,

sﬁf:S(o{l S(O)( W krj+ S"(O)( B kTﬂ
12 s 7736 )72 50 36"

|

F(7): the correction factor Corrections due to the S-factor
due to the asymmetry variation with energy
of the Gamow peak

Fowler, Caughlan and Zimmerman 1967



Stellar Reaction Rates: Resonant reaction

1/2
8 | —E/kT
Recall ov) . = [o(E)Ee dE
PV (ﬂ”j (kT)'* 0 (&)

If in the energy range of interest (Gamow window for charged particle reaction & nearly KT
for neutron captures) there is an excited state (or part of it, as states have a width) in the
Compound nucleus then the reaction rate will have a resonant contribution.

T ' T I T ] T

= °
®Y 45

|_"|'1'|'|'|'1'|'
Contribution to the reaction rate of a % Bmg ey 3" j

resonance at the energy £ g near E -

s W2
<GV>aX = (j | GBW(E)EE_E/deE

3/2 g 10°
ur)  (kTY'* o : o
Wlth % _25 :"'+ % /.0/—DIREYC|'EL(I2)APTURE g
F F glo g— \j // 248 7 '&: 227
2 " F J e
opw (E)=mX"o = - ok |V F L
E-E P +12F | [

|o“4 [ A | I B U IRV ST ST TR BTN BT

i 1
02 04 06 OB 10 12 14 16 18 20 22
PROTON ENERGY Ep(iab) [Mev]

»The reaction rate becomes extremely sensitive to the properties of the resonant state



Stellar Reaction Rates:

The case of a narrow resonance I'<<E,

» The resonance energy must be “near” the

Resonant reaction

MAXWELL- BOLTZMANN
CISTRIBUTION

)—
relevant energy range AE to contribute to = / NARROW RESONANCE
the stellar reaction rate. p
» Maxwell-Boltzmann distribution ~ cst " WIOTH <<
> R
i
172 —Eg | kT % L
8 ERe R x
<GV>aX B ( j 3/2 IGBW(E)CZE
pr (kT) -
0 g ENERGY
o0
2,2 Ll
o If the I', are constants over I' << E, : IGBW(E)dE =27 A R0
I

0

3/2
2 _
= <GV>aX = (—j nle PR My oy = 02

ny is the strength of the

I resonance




Stellar Reaction Rates: Resonant reaction

The case of a narrow resonance I'<<E,

For the contribution of a single narrow resonance to the stellar reaction rate:

~11.605 E ,[MeV]
3

T
N, <ov>=1.54-10"(4T))>"? wy [MeV]e 9 e

s mole

The rate 1s entirely determined by the “resonance strength™:

_ 2Jp +1 Lals — depends mainly on the total and partial
Q2J,+DR2Jy+1) T widths of the resonance

wy

I
Often I =1,+1I;, Thenforl <<}, ——>I' =1} >—4 b T

F a
7 ~ b
I

And reaction rate 1s determined by the smaller one of the widths !

I, <«<I',—>I' =1,




Stellar Reaction Rates: Resonant reaction

The case of broad resonances I ~E;

> Partial and total widths depend sensitively on the decay energy. Therefore:
* widths depend sensitively on the excitation energy of the state
* widths for a given state are energy-dependent

(they are NOT constants in the Breit-Wigner Formula)

Particle widths: Fa = 2/PZ (E ) 7/5

Penetrability: “reduced width”— contains the nuclear physics
Main energy dependence (calculated)

. 27+1
Photon widths: Fy — B (l ) E y Reduced matrix element

N

oz (E) Ee E [ kT dE Breit-Wigner forrpula |
(energy-dependant partial widths)

—
2
>’
I
7\
=
S ‘°°
\_/’_‘
o
-
|-
o
O ) 8



Stellar Reaction Rates: Resonant reaction

The case of broad resonances I ~E;

oh’ @ e L, (B (E+Q—-E f) Rate can be ob.tained
dE from numerical

3/2
(ukT) (£~ ER) +I(E ) /4 integration

<GV>aX B m

Rate of reaction through the wing of a broad resonance A simple case

» Resonances outside the energy window for the reaction can contribute through
their wings

Assume I',= const & I'=const

I
o(E)=mx’l,(E) -
(- Ep)* +('/2)*
\ /)
Y Y
Same energy
dependence For E =<k very
than direct weak energy
dependence

reaction



“C(pay) N :

cross section (mb)

Example of resonant reaction

Proceeds mainly through tail of 0.46 MeV resonance

| fr 13
' {F[Ptqf} N IIC‘ )] IIH
"f"\ PsY) 1

o .l-'- ‘\"-.. F ] *.

' ...r"f h = T
. ‘ﬂ' f - .

A .‘ & =
i P ’: % e .

E # =] ] L3
1] " E .'i L]

. - = #
I J" o ‘“4-"
"’ f‘ -'-
w ¥
w’

i i L L 4 Y i e 4

L, (MeV) L, (MeV)
dala from NACRE (Angula et 3l NF AS5E6)
Burning conditions:
Resonance parameters: = —
p T=20 E,~29keV

=12 E=0.42 MeV
T, =0.50 +0.04 eV
r=31.7+08keV —=T,

L

CNO-cycle (main sequence, M =2 M)

T=04 E=213keV
Hot CNO-cycle (Novae)



Stellar Reaction Rates: Resonant reaction

Rate of reaction through the wing of a broad resonance (Summary)

» Far from the resonance the contribution from wings has a similar energy dependence
than the direct reaction mechanism.

> In particular, for s-wave neutron capture there is often a 1/v contribution at thermal energies
through the tails of higher lying s-wave resonances.

» Therefore, resonant tail contributions and direct contributions to the reaction rate can be
parametrized in the same way (for example S-factor). Tails and DC are often mixed up in the

literature.

» Though they look the same, direct and resonant tail contributions are different things:

* in direct reactions, no compound nucleus forms
* resonance contributions can be determined from resonance properties measured

at the resonance, far away from the relevant energy range
(but need to consider interference !)



Stellar Reaction Rates:

Summary

The stellar reaction rate of a nuclear reaction is determined by the sum of

* sum of direct transitions to the various bound states

* sum of all narrow resonances in the relevant energy window

* tail contribution from higher lying resonances or sub-threshold resonances

~10"°

eV.b

S(E) (

<OV>= Y <OV i e + D, <OV e+ <oV>
) )

tails

BEF(p,a)’O (nova nucleosynthesis)

E : :
] e 380MK :
e : : : : : : : : :
.- 2B0MK L T T T T T
Eu:; : 150 MK: ' ' oL '
Ty ' 3
b — L BOMK L ST PR NIRRT U
E N : = ]
NS rs. D
o0t @ ~ 8
!_é,—r".%“ ........................................................................................... P“*- .......................
E' . " Lo
Lo 2 !
T : !
4 : :
U T I ITTITL ITTITRITIOy. [PTTPPNT VRPN e PRSP P
EL : oot
C : ot
(N : K
' o~ ; : : d
= el Trails pléins experiences PR U
L T
_I 111 | 1 l_l ‘IL t | C |" T 2l
01 02 03 04 05 06 07 08 O 1
m.

Caution:

Interference effects are possible
(constructive or destructive addition)
among:

*Overlapping resonances with same
quantum numbers
*Same wave direct capture and
resonances



Example of non-resonant and resonant reaction

TABLE V. Nonresonant direct capture transitions and the astrophysical S factors; resonance
energies, y widths, proton widths, and resonance strengths for 3?Cl(p, v)**Ar.

32C1(p, v)*2Ar Q = 3.34 MeV

E, 6 L nly B, S(Eo) (MeVb)
0.00 1 p 2813 0.080 7.00 x10- )
P 1d3, 0.672 6.14 x1072
1.34 3r P 1d32 0.185 2.62 x107°
1.79 5F P 1d3/2 0.145 304 107" > Direct
2.47 3t P 281/2 0.031 6.16 x107°
P 1d3 /3 0.167 1.67 x1072
3.15 3t P 2812 0.068 1.46 x10~2
S,=3.34 MeV p 1ds/; 0.516 3.01 x10~* J
E. E, J” Ty (eV) T, (eV) wy (eV)
3.43 0.09 &7 LYT x10% 8.7 x107'® 8.7 x10-1% | )
3.56 022 17 1.94 x107° 1.13 x107° 1.51 x107°
3.97 063 5 1.54 x1072 223 %1072 9.09 x107* | » Res.
4.19 085 1Ff 1.54 x107* 46.74 5.12 1072
4.73 139 37 8.48 x107? 100.3 5.65 x10~2 )
N N
Weak changes Strong energy Resonance

Herndl et al. PRC52(95)1078) 1 gamma width - . proton width °



Example of non-resonant and resonant reaction

oL 320l(p,y)33Ar "

|

1 f 1 1 !
gl IS 02 Q3 05 7 L0 LE

]

Temperature [GK ]

Gamow Window:

0.1 GK: 130-220 keV
0.5 GK: 330-670 keV
1GK: 500-1100 keV

The Gamow window moves to
higher
energies with increasing temperature

— different resonances play a role
at different temperatures.



Stellar reaction rates: Other Remarks

* If a resonance is in or near the Gamow window it tends to dominate
the reaction rate by orders of magnitude

* As the level density increases with excitation energy in nuclei, higher
temperature rates tend to be dominated by resonances, lower
temperature rates by direct reactions.

* As can be seen from the reaction rate equation for narrow resonance,
the reaction rate is extremely sensitive to the resonance energy.
For p-capture this is due to the exp(E./kT) term AND I" (E) (Penetrability) !

As E =E -Q one needs accurate excitation energies and masses !



Stellar reaction rates: Complications in stellar

environment
Beyond temperature and density, there are additional effects related to the extreme
stellar environments that affect reaction rates.

In particular, experimental laboratory reaction rates need a (theoretical) correction
to obtain the stellar reaction rates.

The most important two effects are:

1. Thermally excited target

At the high stellar temperatures photons can excite the target. Reactions on excited
target nuclei can have different angular momentum and parity selection rules and have
a somewhat different Q-value.

2. Electron screening

Atoms are fully 1onized in a stellar environment, but the electron gas still shields the
nucleus and affects the effective Coulomb barrier.

Reactions measured in the laboratory are also screened by the atomic electrons, but
the screening effect is different (see lecture I11I).



Stellar reaction rates: Thermally excited target nuclei

Ratio of nuclei in a thermally populated excited state to nuclei in the ground state 1s given
by the Saha Equation:

E
n —
Mos  Egs

Ratios of order 1 for E ~kT

In nuclear astrophysics, kT=1-100 keV, which is small compared to typical level spacing
in nuclei at low energies (~ MeV).

— usually only a very small correction, but can play a role in some cases:
* a low lying (~100 keV) excited state exists in the target nucleus

* temperatures are high
* the populated state has a very different rate (for example due to very different

angular momentum or parity or if the reaction is close to threshold and the slight

increase in Q-value ‘tips the scale’ to open up a new reaction channel)

The correction for this effect has to be calculated. NACRE compilation gives a correction.



Stellar reaction rates: Electron Screening (1)

The nuclei in an astrophysical plasma undergoing nuclear reactions are fully 1onized.

However, they are immersed in a dense electron gas, which leads to some shielding of the

Coulomb repulsion between projectile and target for charged particle reactions.

Charged particle reaction rates are therefore enhanced in a stellar plasma, compared to

reaction rates for bare nuclei.

The Enhancement depends on the stellar conditions

Vir)=

HU (7)

Bare nucleus
Coulomb

R
E=0""17 SIS IS IS IS IS IS S ST SIS S ZZF

Shielding potential

(Clayton Fig. 4-24)

/

Extra
Screening
potential

(attractive
so <0)



Stellar reaction rates: Electron Screening (2)

Screening factor f definition:

<oV >screened:f <OV >pare

Case 1: Weak Screening

Definition of weak screening regime:

Average Coulomb energy between 1ons << thermal Energy

272
e/

—-1/3
n

<< kT (for a single dominating species)

Means: * high temperature
* low density

(typical for example for stellar hydrogen burning)



Stellar reaction rates: Electron Screening (3)

For weak screening, each ion is surrounded by a sphere of 1ons and electrons that are somewhat
polarized by the charge of the ion (Debeye Huckel treatment)

More positive ions

Ion under
consideration
More electrons
« y >
Debye Radius Exp: Quicker drop off
7 due to screening
e _
Then potential around ion Vl ( r) —_—e¢ /Rp
v
: T
2 2 I i1 e i
ame’p N & :

So for r>>R complete screening



Stellar reaction rates: Electron Screening (4)

But effect on barrier penetration and reaction rate only for potential between R and
classical turning point R,

E

P

R
A, 7 ASAAA S, T

AN

Shielding potential

In weak screening regime, R, >> (R -R)

And therefore one can assume U(r) ~ const ~ U(0).



Stellar reaction rates: Electron Screening (5)

In other words, we can expand V(r) around r=0:

Z 2
V(r)—e—[ S —j
r R, 2R,

So to first order, barrier for incoming projectile: \ {

To first order

e’2Z, eZZ,
r R

Vir)=eZ,Ji(r)=

D
Z,Z,e
Comparison with Vir)y=— rz +U(r)
EAVA
Yields for the screening potential: Ur)=U0)=U,=- R
D

These 2 equations describe a corrected Coulomb barrier for the astrophysical
environment.



Stellar reaction rates: Electron Screening (6)

One can show, that the impact of the correction on the barrier penetrability and
therefore on the astrophysical reaction rate can be approximated through a
screening factor f:

f — e—UO/ kT
1Yo e’Z.Z,
In weak screening UO << kT and therefore f ~ 11— U e

kT R,

Summary weak screening:

<ov> =f <ov>

screened bare

f=1+0.188 Z,Z,p"*ET°

c= 2@ zoy



Stellar reaction rates: Electron Screening (7)

Other cases:

Strong screening:

Average coulomb energy larger than kT — for high densities and low temperatures
Again simple formalism available, for example in Clayton

Intermediate screening:

Average Coulomb energy comparable to kT — more complicated but formalisms
available in literature
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